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a 
Calculations of t h e  r a t e s  of the cooling reactions 
- -  - -  
n + n - n + p + e + v and n + I- 4 n + e + v e are presented; the  
rates of the  closely related mum-prcduclng reactions axxi t h e  four 
inverse processes are also given. 
t o  obbln  estimates of the relevant matrix elements. 
assumed t o  f m  a normal Fermi f lu id  with a cmthuous  excitation spec- 
trum. 
taining quasi-free pions would cool w i t h i n  a f e w  days t o  a temperature 
no f w  tha t  the star would be unobservable. 
does not contain quasi-free pions would cool t o  lo7 OK In a f e w  m~n ths  
e 
Several different  arguments are used 
The nucleon6 are 
The calculated cooling rates  indicate tha t  a neutron s t a r  con- 
i 
Tbe surface of a s t a r  t h a t  
2, r;nd would reach 4 X lo6 OK In about 100 years. The calculated cool$.ng 
rates s t r m g l y  indicate that the discrete x-ray sources located in the  
direction af the aa lac t lc  center are not neutron stars.  
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Faasurements made on recent rocket f l i g h t s  above t h e  eosth 's  8tm08- 
phere have demonstrated t h e  existence of several d i scre te  8ouTce8 d 
galactic x-rays. 
observed sources may be hot neutron s t a r s  r a d h t i n g  x-rays fran t h e i r  
surfaces, while other authors have suggested tha t  t h e  obGerved x-rays may 
be synchrotron radiation fran energetic electrons i n  magnetic fields' or 
bremsstrahlung radiation fraa hot clouds af electrons and n ~ c l e i . ~ ~ ~  
Several authore5-' have suggested t h a t  m n e  of t h e  1 4  
The neutron-star hypothesis is  t h e  most speclf'ic of the suggested 
x-ray producing mechanisms, and it is thus the  eas ies t  hypothesis t o  d i s -  
prove O b s e r ~ t i t i O n w .  
s m a l l  size, has led to observaticmal proof'' that  t he  principal x-ray 
60urce In t h e  C r a b  nebuh is n o t a  neutron star; the  results of the  recent 
occultation experbent  indicate that the source In the C r a b  has a diameter 
of the order of one l i gh t  year. In the present work, we consider in d e t a i l  
another Important property of neutron stars, t h e i r  fast cooling by neutrino 
e a i a ~ i o n ,  and f ind that the calculated cooling rates imply important 
res t r ic t ion8 on the obsemabili ty of neutron stars. 
The most obvious property of a neutron s t a r ,  i t s  
Ir 
- 
We calculate the rates at which o. star loses energy by emittlng 
neutrinos in the  reactions 
and 
- -  
n + n  - n + p + e  + v  e 
_ -  
n + n  -. n + p + p  + v  cc 
e - -  
i + n  - r - n + e  + v  e 
- - -  
x + n  - n + p  + v  
CI 
a8 uel l  a8 the inverse processes 
- 
n + p + e  - n + n + v  , e 
- 
a + p + p  - n + n + v  , c1 
- - 
n + e  - n + x  + Y  , e 
- 
and n + p  I. n + s  + v  . 
P 
Reactions (1) and ( 5 )  were first discussed by Chiu and Salpeter7 and the  
corresponding neutrino luminosities have been calculated by several  
authors . Ue hem previously reported crude eetlmatesU O f  the  ra tea  
af reactions (4)  and (8). 
We expect t h a t  reactions (1) - (8) should be the dominant means of 
neutrino production in neutron stars. I n  t h e  Appendix, we consider the 
r a t e s  of various other neutrino-producing reactions, and conclude that 
these processes do not contribute lntportantly t o  the  neutrino lumino~ity.  
? 
In our ca lcuht ione  of t h e  ra tes  of reactions (1) - (8), we have 
” assumed that the  spectrum of excited states available t o  a dense neutron 
gas is continuous, j u s t  as it is for a normal Fenni gas. Ginzbu-8 and 
K i r z h n i t s  14 have pointed out t h a t  t h e  excitation spectrum of t h e  nucleon 
@8 m y  not be cmtlnUOUG, but may instead resemble the 6pectrUn Of a ,gas 
of suprconducting electrons. The existence of superfluidity might 
greatly modify t h e  cooling rates of neutron s t a r s ,  and w e  expect t o  con- 
sider t h e  question of superfluidity o? t h e  nucleon gas in a future paper. 
Our preeent treatment of the neutrino-producing reactions and the  related 
concluoians about t h e  obsenrability of neutron s t a r s  are expected t o  be 
accurate mly if the  nucleon gas doe6 not form a superfluid. 
Our calcu2ations Fndicate that reactions (1) and ( 5 )  cause a mass 
MB of neutron star mstter t o  loee energy a t  a rate given by 
-2- 
f 
where % is  the mas6 Of t he  sun, pnUc1 
(3.7 X 10 
Tg i a  the o t e l l a r  temperature in units of lo9 OK. The neutrino luminosity 
due t o  reactions ( 2 )  and (6) is equal t o  F X Lv 
zero h e n  the electron Fermi energy W F ( e )  I s  less than m c2, and I s  
equal t o  the ra t io  of the muon Fermi mmentum t o  the electron Fermi 
momentum if 
reaction8 (l), (2), ( 5 ) ,  and (6) is equal t o  
is the density of nuclear matter 
14 
gtn/cc), p is  the density uf the neutran-star matter, and 
M-e , where F is e q d  to 
JJ 
2 WF(e) i s  greater than m c . ”hus the net energy loas by 
M-e 
P 
(1 + F) L, . 
We find t h a t  the  rate of enerw loss by neutrinos produced by 
reactions (3), (4)  , ( 7 ) ,  and (8) ie given approximately by 
, 
- 1 
where %/r+, is the r a t i o  of the number deneity of qumi-free n mesons 
. t o  the number density of baryons. The luminosity L r  is greater than -. 
if n d %  l e  greater than about As w e  have shown Sec. 111 Lnn -e 
of- the preceding paper, one cannot say with any degree of certainty whether 
V 
or n o t  quasi-free pions a re  present in neutron s t a r s .  We confine ourselves 
Fn t he  present work t o  consideration of the consequencee of the presence 
of quasi-free pions in neutron stars ,  set t ing ss lde the much more d iFf icu l t  
problem of whether such pions are actually present. 
We combine Eqs. (9) and (10) with the results of the neutron-star 
models of‘ Teuruta15 (computed using the  equations of s t e l h r  s t ructure  and 
variaus simple h w s  for t h e  equation of s ta te )  t o  estimate cooling times 
of hot neutron stare .  
cool so fmt by neutrino emission tha t  its x-ray luminosity vould be 
A neutron star containing quasi-free pime w o u l d  
-3 - 
' 1  
i -  - 
1 
negligible w i t h i n  a far days a f t e r  t h e  formetion of the star. 
cooling ra tes  indicate that  the  observed x-ray sources cannot be neutron 
stars that  contain quasi-free pions. 
Thus our 
The surface temperature of aneutron s t e r  t h a t  is  cooling by reac- 
tions (1) and ( 5 )  should reach 
star's formation and should reach 
years. 
4 X lo6 OK could not be detected above the backgomd flux using current 
techniques, unlese t h e  star were lees than one kilopersec from US. 
aur cooling ra tes  suggest t h a t  neutron s ta re  would be observable with 
present techniques only if they happened t o  be formed within a small 
volume ( -  1 cubic kiloparsec) centered a t  the sun, or if they happened to 
be observed in the process of formation. 
lo7 OK within about a year after the 
4 X lo6 OK after about one-hundred 
The flux from a neutron star w i t h  a mrface temperature of 
Thus 
About half of the observed x - r a y  source6 are in the direction Of 
the galactic center; our cooling times Indicate t h a t  any observed source 
tha t  i s  actually located near the galactic center (which is  about 8 
kllopwsecs away) could be a neutron star only lf it was formed less than a week 
before it was observed, an extremely unlikely possibil i ty.  However, it hae been 
suggested 3'16 t ha t  the brightest  ~Ource, the one t h a t  appears t o  be In the  
constelLetion Scorpius, may be o f t h e  order of 30 parsecs from the 6u. 
33' the Scorpius 60urce I s  in f a c t  only 30 parsecs away, the observed flux 
from it is consistent with the hypothesis3 tha t  the source le a neutron 
star with a surface temperature of about 3 X lo6 OK. 
indicate tha t  such a star could be thousands Of years 
black body a t  3 X lo6 OK w o u l d  not produce the large numbers of ehort- 
wavelength photans recently Obsenred17 for the Scorpius source. 
Our cooling times 
old. Bowever, a 
i -  
. 
We begin the detai led discuseion of the  reaction rate8 by formula- 
t ing in Sec. I1 the general problem of neutrino emission from neutron 
stars. Then in Sec. III, we use simple heuris t ic  arguments t o  obtatn 
appraximote expressions fo r  the rates  of reactions (1) and (3). 
problem of neutrino opacity is treated i n  Sec. N, where we show t ha t  the 
mean f ree  paths of all neutrinos involved in reactions (1) t o  (8) are 
Large compared t o  the  radius of a neutron star. Section V contains 8 
detailed calculation of the  rate of energy loss by reactions (1) , (2), 
(5), and (6), while Sec. VI contains an analogous treatment of the pion 
processes, reactions (3), ('c), (7), and (8).  Finally,  in Sec. V I I ,  we use 
information from neutron-star modelsW t o  calculate the rate of cooling of 
the surface of a typical  hot neutron s t a r  ( 1.e . , t he  decrease of the x-ray 
luminosity with time). 
recent observations of Bouyer et &. 
The 
We then apply our calculated cooling rates t o  t h e  
3 - 
11. GENERAL FOXMULATIC% 
In order t o  compute cooling times, one must consider the excited 
s t a t e s  of a neutron s t a r .  
except for  an extremely th in  atmosphere. For the  purposes of calculating 
the r a t e  of neutrino emission, m e  can neglect the atmosphere and imagine 
that the excited states of the  star are populated (accordlng t o  the usual 
Boltzuiann factor)  by placing the s t a r  in contact w i t h  a thermal bath a t  
a f i n i t e  temperature T. The star then has a def in i te  baryon number and 
total e l ec t r i c  charge but doe8 not have a def ini te  energy. The rate of 
energy loes (cooUng) by neutrino emission is given by an expression of 
the  fonn: 
A neutron star is  almost completely isothermal, 
-5- 
, 
where Sa, S 
Hamiltonian, E,, is  the  energy of the e m i t t e d  neutrino Y ,  and the summa- 
a re  states of t h e  entire s t a r ,  Hw I s  the weak-intersctlon 
8 
t i o n  over I3 i s  l i m i t e d  t o  states for which E < Ea. B 
In practice, coollng rates  must be computed with the help Of' a 
model; we adopt an independent-particle model whose general character is t ics  
bave been discussed in the preceding pnper.18 We s h a l l  In  fact.use several 
s l igh t ly  different verslone of the Independent-particle model I n  urder to 
estimate the uncertainties In our results. We a l s o  approximete t h e  
thermal average (Eq. (11)) over the states of t h e  s t a r  by assigning a 
Fenni-Dirac or Bose-Einstein distribution function t o  each kind of particle 
In the star. 
present whether or not neutron stars contain a s ignif icant  number of 
quasi-free piane; hence OUT calculations have been carried out f o r  both 
assumptione, pions preeent end pions not preeent. 
As discuesed In paper I, it I s  not possible t o  decide a t  
111. HEURISTIC f+XLCC;ZATI~'S 
One can estlmake the d e r  of magnitude of the energy loas due t o  
processes (1) - (8)  by a simple heurietlc argument t h a t  I s  not ent i re ly  
f r audu len t .  "he main feature of t h i s  argument I s  t h a t  only Fermions an 
the  edge of t he i r  degenerate seas can undergo i n e h s t i c  scattering. Thus 
only a s m a l l  f ract ion of the order of 
given type can pxrticipate I n  the  coollag reactions. 
(kT/Ep) of the  Fermions of a 
f 
Since neutrinos 
escape from a neutron s t a r  (see Section N) t h i s  argument does not apply 
to them. However, the net  amount of energy transferred to  a neutrino in 
-6- 
' any of the cooling reactions m u s t  be, by conservation of energy, of the 
order of kT. 
sprsce, which i s  propor t lond  t o  E,, , by ( k ~ ) ~ @ i + )  $(P,] far reac- 
tione (1) and (2) and similar factors for reactions (3) and (4). 
As a guess, we r e p h c e  the dbensionleea neu t r ino  phase 
The energy loss from reaction (1) can now be crudely estFmated from 
the familiar arguments of kinet ic  theory. 
f'mm a volume il by reaction (1): 
Oae writes for the energy loa8 
where n(n) l e  t h e  neutron number density, the weak-Interaction cro6s 
2 
section u - loA3 [%(n)/l MeV] an2, the re la t ive  velocity v - c/3, 
the neutrino energy E,, - kT/3, 
estlmted from Eqs.  (5) of paper I. 
factor  of kT/% for each degenerate fermion tha t  occurs In procese (1); 
we have a l so  made use of' the f a c t  t h a t  
of' wper I, approximately equal t o  %(n). 
neutron-stor matter at Q uniform density p and a uniform temperature T. 
and the Various Fermi energies can be 
We have Included in Eq. (12) one 
%(e) is, according t o  Sec. I1 
We consider a maas M of 
8 
Using Eq. (5) of paper I in Eq. (12) , m e  finds tha t  the neutrino 
luminosity due t o  reaction (1) is given by 
where % l e  the mas8 af the SUD and Tg Is t he  temperature i n  b i l l ions  of 
degrees. 
d i f fe ren t  fran the  energy losses computed from Our mre complicated 
Equat ion  ( W )  yields energy losses tha t  a r e  not enoxmous~ . 
amdy8h3 0 f . s ~ .  V. MDreover, Eq. (W) give8 correctly the  crucial  
-7- 
, 
dependence of Lv on temperature, although t h e  density dependence 
cannot be obtained correctly without a m o r e  careful kinematical malys is .  
A similar crude argument can be used t o  obtain an estimate of the  
energy 1 0 ~ ~ s  from reactions (3). 
fewer Fermions than processes (1) and (2) ;  hence the rate of (3) Is 
faster than (1) by a factor  of t h e  order of 
Nota that process (3) containe two 
2 
(%(n)/kT) . Thus: 
The heuris t ic  arguments show clearly what quantit ies mt be d c u -  
hted in a careful analysis, namely, the  ph88e-6paCe i n t e g d s  (which w e  
have appraximated by factors  of 
(which we have apprmlmated by an average weak-interaction cross section). 
kT/%) and the  nuclear matrix elements 
4 Tv. IEW”0 OPACITY 
Neutrinos produced by the reactions d i acused  In the  previous 
s e c t i m  have typical  energies of the order of hT, with kT less than or of 
the order of 100 keV. 
bution t o  the neutrino-opacity canes from aeutrino-electron scat ter ing 
f o r  ve and neutrinolrmon scattering f o r  v . This r e su l t  can eas i ly  be 
established by examining the possible reec t ims .  
tron neutrinos, v . 
For neutrinos of such energies, the h g e o t  contri-  
M 
We consider first elec- 
e 
The folloving reactions are forbidden f o r  typical neutron-st~k 
conditions by conservation of energy and momentum: 
v + p - n + e  , a n d  v + p + n - n + n + e  . Thereact ion 
v + n + n - p + e 
par t ic les ,  e.g., A ‘ 6  or C ‘8, occur ra re ly  because the cross section 
we + n - p + e , 
+ - + - 
e . e 
+ n ’  e 
- 
and related reactions involving strange 
0 
of the ai an2 times several fac tors  ~f (XI/%). 
-8- 
Neutrino abemption by heavier elements on the surface Of the s t a r  is 
negligible because the cross sections are small and the heavier elements 
a r e  rue. 
action for ve. 
4 
I?aus neutrino-electron scattering is the most important inter- 
A similar andys i s  ha8 been carried out for mum neutrinos and 
shows that  the only interactions a l l o w e d  by the selection rules mi by 
energy conservationare v - p  and v - scattering. - - - 
P CI 
The cross section for neutrlno-electron scat ter ing in a degenerate 
gas h,l9 for E,, << % ( e > :  
u 2 X 10 -44 (Ev/"," 2 2  ) . 
Equation (23) shauld be multiplied by one-third for antineutrlno-electron 
scattering. For v - scattering, the a-068 section 1s again given 
by Eq. (15). For - )r scattering, Eq. (L5) should be multiplied by 
me-third. 
.. 
cc - 
cc 4 
The mean free path of an electron neutrino is: 
and therefore: 
I n  obtaining Eq. ( f i b ) ,  we have U s e d  Eq. (5b) of I. 
a m u m  neutrino is laxger than 
electrons : 
The mean free path of 
h,, since muons are less numerous than e 
N o t e  t h a t  the value6 of the mean free m t h  given by Eqs. (16) are 
large ccmpered t o  the radius of a neutron star (- 10 Km) . 
of a neutrino s t a r  t o  low-energy neutrinos I s  ent i re ly  negligible. 
%us t h e  opacity 
-9 - 
A. General Expreec;ions 
V. MICLEOX-NUCLEON COOLING 
Ue nor make expl ic i t  u8e of the independent-particle m o d e l  t o  calcu- 
late the ra te  of reaction (1). We describe the state of the e n t i r e  s t a r  
in terns of the a t a t e s  of i ts  Individual p r t l c l e s ,  introducing correction6 
t o  account for the interactloo8 among the wvious part ic les .  
work of Ganes et &. ,20 we label each single-particle s t a t e  by l t e  manen- 
Following the  
tun p; as In paper I, the energy assigned to a state of par t ic le  epeciee I - 
w i t h  momentum p is glven by 
u 
2 
EI(p) I c4 + p2 c2 + U,(p) - mi c b 
The Fermi energy Ep( i) is def bed by 
where P F ( i )  is the Fermi momentum for a psr t ic le  of species i. The 
c - 
zero point of' V,(p) i s  defined such t h a t  Ui [pF( i)] i e  equal to t h e  
binding energy B(1)  
Is the energy required t o  take a paxticle of type I fran I n f i n i t y  and 
as defined in Sec, I I I - B  of pper I. Thus, EI(p) 
place it in the neutron star in a state with momentum p ( ~ a v i t a t i o d  
interactions not considered). "he quantitlea W,(p) and W F ( i )  are 
N 
defined t o  be equal, respectively, t o  p I ( p )  + mi c2] and 
The neutrino ~umhoel ty  LL1) arising f'ran reaction (1) 
- -  
( n + n - r i + p + e  + y e )  inavolumenis:  
-10- 
where the sUb6cripts 1, 2, l', p, e,  and 7 denote the  two i n i t i a l  neutrOn8, 
the f inal  neutron, the proton, t h e  electron, and the antineutrino, 
respectively. 
identity of the  tu0 l n l t i s l  aeutrone. 
s ta tes  can be expressed In terms of the par t ic le  momenta as follove: 
We have Included a f a c t o r  of one-half which &lees Lrom the 
The denelty of individual-particle 
The quantity S is Q product of Fermi-DFrac dis t r ibut ion functlone f o r  each 
par t ic le  appearing in r e a c t l m  (l), except the  neutrino; S corrects the 
density-of-state factore f o r  the e f fec t  of the excluslaa principle in the 
final s t a t e  and gives the appropriate occupation nmbers in the-initid 
&';ate. More expl ic i t ly ,  
5 
iP1 
s * n s(1) 
where for the two initial neutrons, 
I 
and for the  proton, neutron, and e lec t rm appeerlxq In the final state, 
The weak Hamiltmian is: 
In order t o  separate out the center-of-masa motion of the nucleons 
- 
in the matrh element 
cen te r - a fmss  snd r e l a t ive  coordinates: 
(n,p,e,ve IH,~ n,n), we introduce the following 
vhere -1, k ,kk, sl, and L~ are, respectively, the wave numbers and po6itions 
of the two nucleons in the i n i t i a l  s ta te .  Primed variables will be used 
for t h e  analogous f ina l - s t a t e  quantities. 
the initial and final states are  of the form: 
The nucleonic wave functions in 
In Eqs. (a), the 
~f nucleons; the incoming part oi the aspptatic form af + (&I;  5 )  is 
the  same as the lncuning pert  of a plane wave with wave vector k'. 
function X( 9' Mgl) describes a two-particle spin-state w i t h  total 
spin S' and z-canpment M S l .  
$ describe t h e  r e l a t ive  motion of t h e  pairs 
SI 
nP 
The 
LI 
. 
The nucleon matrix element that  appears in Eq. 
exprcseed a8 an Integral  over the relawive wave funct 
c 
CM now be 
S' 
QP' 
and $ S 
M 
Before writ ing down an expl ic i t  formuh fo r  the matrix element, we &e 
two simplificatione: 
acta only in wen-parity states; and (2)  we n e g h c t  &d.l terms involving 
t h e  lepton manenta. 
nuclearlnatter calculations and does n o t  appear t o  give r i e e  t o  any large 
errore. 
order of 15% if the f l r e t  approximation is va l id .  
expect the error8 in the calculated neutrino luminosity arising from 
these approximation8 t o  be smU campared t o  the uncertainties that arise 
fran O u r  la& of a fundamental theory of s t r c n g  interactions from which 
one wuld hope t o  calculate the  scattering of nucleons in a neutron star. 
(1) w e  a~eume t h a t  the nucleon-nucleon potent ia l  
The first assumption has frequently been uoed in 
The second sbnpl i f lca t im c89 be shown t o  introduce error6 of the 
One m y  reasonably 
1 W i n g  the  eimplificatlons described above, we square the matrix 
element and sum over spine, obtaining 
Spin8 
where xs i s  the Coupton wavelength of' the  pion, and the dimensionlese 
mstrix elements are defined by 
. 
ard . 
Substituting Eq. (21) in Eq. (Q), we fFnd: 
where the dhenSiOde8s phase-Sp8Ce factor P is given by the following 
3 Shce each factor d is proportional t o  the volume 0, the phase-space 
integral P i s  actually independent of' a.  Thus, Ly i s  proportional to n. 
Inserting the appropriate nwnerical values in the expression for 
i2- l  L ( l )  V 
P (5.2 X erg-~m-~-sec-') P (I$]* + 4.3 1MAI2) 
I 
AB was apparent from our earlier heuristic discussion, t w o  types of quan- 
tities must be calculated, the nuclear mstrix elements MA and % and the 
phase-apace factor P. Equat ion  (24) has been derived only for the case 
of reaction (1); we shall consider l n  Sec. V-D the modifications necessary 
to account for regctions (2), ( 5 ) ,  and ( 6 ) .  
B. The Phsse-Space Factor 
1. General Discussion 
Chemical equilibrium among the different types of part ic lee  preeent 
in a neutron s t a r  is ensured by various weak-interaction processes, 
particularly reactions (1) and (2). 
particles can be brought to their equilibrium values in typical we&- 
interaction times of the order of 104 to loo8 Bec. Huwever, the exclusion 
The concentrations af the various - 
prhclpb greatly inhibits  all theee reactlone when the ate- matter is  
-14 - 
h 
near chemical equilibrium a t  lm temperature, 
af a neutron ia a neutron star a t  equilibrium a t  lo9 OK I s  of the  order 
of 10 see, which is t o  times longer than the time required 
t o  establish chemical equilibrium, 
F o r  e I W P h ,  the lffetime 
12 
This enormous reduction i n  the r e a c t i m  rates near equilibrium 
result6 fran a decrease in t h e  number of available I n i t i a l  and final 
s ta tes ,  
equilibrium a t  OOK, two 
have Just  enough energy t o  produce a neutron, a proton, and an electron at  
the top of t h e i r  respective Fermi seaa, plus a zero-energy neutrino. 
temperatures greater than zero b u t  s t i l l  s m a u  compared t o  the relevant 
Term1 energies, neutrms with energies near %(n) have suf f ic ien t  energy 
t o  produce a neutron, proton, and electron in unoccupied states near the 
t o p o f  the i r  respective Fexmi seaa, plus  a neutrino with 8n energy of the 
order of kT. !i'hu the  neutrons destroyed in reaction (1) a l l  cane from a 
n m o w  band of states with energies w i t h i n  a few kT of 
neutrmo, protons, and electrons produced in reaction (1) mt have 
energies within  a few kT of t he i r  respective Femi  energies. 
t ive ly  slow rate of reactions (1) and (2)  a t  equilibrium i o  due t o  t he  
fact that only a small  f ract ion af the  total  number of par t ic le  states can 
actually be Involved i n  the reactions. 
Eq. ( 2 3 ) ,  w h i c h  we evaluate in the following paragraphs, con tahs  a ~ u s n -  
titative description of the lnhibltim of the reaction rate due to the  
s m d l  number of available statea.  
renctians (1) and (2) are  the  principal quantit ies that determine t h e i r  
absolute rates, Just  as t he  ordinary phaee-space factor  (usually denoted by f) 
prFmosily detennhee the laboratory decay rates of superallowed nuclear beta 
decays , 
Equation (13) of pawr I s ta tes  t h a t ,  h n neutron 'star a t  
neutrons at t h e  top of their Fern1 dis t r ibu t ion  
A t  
Ep(n), and t he  
The rela- 
The phase-space fac tor ,  P, of 
"he phaee-space factors  f o r  t h e  allowed - 
. 
2. In i t  tal AEproximntions 
. The integrations Involved in the phase-apace factor  P cnn a l l  be 
pcrforned andytically; the approximntions required far carrying out the 
integrations give r i s e  t o  errors of only a few percent. 
the integrals re la t ive ly  accurately becauoe of the slmpllficationo that 
resu l t  fran the f a c t  t h a t  kT is, f o r  the problems af intereot ,  much le86 
than the  relevant Fermi energies. 
at lo9 OK, whereas E$(n), %(e) ,  and %(p) are ,  respectively, of the 
order of 70 MeV, 70 MeV, and 3 MeV a t  nuclear density. 
One can evaluate 
For example, the energy kT I s  0,086 MeV 
The integrand of. P is  negligible except in the  res t r ic ted  "impor- 
tant" region of phase space where all the par t ic le  energies a re  within a 
feu kT of t he i r  Fermi energies. It is convenient t o  neglect contributions 
t o  the integral  from certain regions that a re  far from the  "important" 
region. 
h t eg ra t lon  t h a t  sa t i s fy  the inequalities 
In partlcuLar, we consider only those parts of the region of 
and 
where P, = P f Pe f P, 
V P 
Y 
The largest  e m  made in res t r ic t ing  ourselves t o  t h e  domain 
-%(P)/kT 
P deecrlbed by relations (25) and (26) is of the order of e 
which is le158 tban 10'~ far the temperatures and dcneities ~f interest .  
- 
3. TheAnauhr  lntemal. 
We begln the evaluation af t h e  phaee-space factor  P given In Eq. (23) 
by performing the integrations oyer the solid angles. 
integral  A be defined by the relation 
Let the angular 
3 We can rewrite 6 (K’ - IC) ae follows: - M 
where 5 ,pl - 0 - p, and is the cosine of the angle between p 
and 6 .  
zero for ~ a n e  value of p between -1 and +lo 
can be carried out immediately, w i t h  t h e  reeul t  t h a t  
2p ?e c* V A2 
Bequal i ty  (25) requkee that the quantity p i  - q be equal t o  
Hence the integral oyer n2 
N 
Repeated u8e of inequality (26) al lows one‘to perfom the remaining ln te -  
gratione direct ly .  Cne finds t ha t  
-17 - 
4. Tnc R a d i a l  Internal 
We now perform the integrations OLI the lengths of the manenturn 
vectors i n  Eq. (23). Substituting Eq. (31) in to  Eq. (23) and u l n g  
where 
J 
The i n t e g a t i o n  Over the neutrino momentum p, , which me can 
V 
perform Immediately using the energy d e l t a  f”unctlan, contribute8 a f a c t o r  
(E1 + E2 - Ei - We - E$) 
in paper I, we find that 
3 -3 c Defining the  nucleon effect ive mas8es 88  
and . 
The electron energy, We, is newly equal to pecJ slnce the  electrons a re  
highly r e l a t i v i s t i c  . 
It l e  convenient t o  exprees P in t e r n  of the following dimension- 
Lese variables: 
(3%) 
ond 
B 
B 
8 
-1 
where, as usual, l-3 .I (kT) . 
Subatitutiag Eqs. (33) and (34)  in to  the expression fo r  P, and 
using t h e  eqluillbrlum condltlon, Eq. (13) of paper I, we obtain 
t 
7 7 
The function 8(y) I s  defined t o  be equal to unity when y I s  posit ive 
and zero when y l a  negative. 
5 x -1 3L I The factor  @(XI xi) TIi (1 + e ) 1s always less than e . 
Hence, replacing the l i m i t  y by in f in i ty  increases the integral i n  
Eq. (35) by a term proportional t o  eyp. The quantity y is approxi- 
mately equal to f3 F$p) , which is greater than ten f o r  the  temperatures 
of i n t e re s t  - here. Hence , t e r m s  proportional t o  e yp can be neglected, 
P 
P 
and the  l i m i t  y can be replaced by inf ini ty .  
a h 0  be replaced by in f in i ty  sfnce they are a t  k e e t  t e n  times larger  
The l imi t s  yn and ye can 
P 
-19- 
The effective msees and momenta contatned in J can be expanded in 
* 
a power series. For example, m e  can exprees mn (E1) In the form 
lbus if we neglect 6 4  terms of order eyp, the i n t e p a l  P c m  be 
expressed 08 a power series In kT. 
for neutron-star temperatures and densities of Interest, we can obtain an 
adequate approximation for P by considering Just the first term In the 
power series expanelon of 
Since kT/E$p) is less. than one-tenth 
[i: “ n . ( E i j  mJEp) Pp(Ep) P, 2 We) 
Id. 
We then obtain 
where 
and - 
0 
Setting PF(p) and P ( e )  ecpd  t o  c - l  WF(e), we can write the  F 
phaae-apace factor in the convenient form 
3 
P - 2.6 X lo'* ($1 (8) r$] T: . ( 3 7 )  
The phase-space factor  is ,  ao expected fran the heur i s t ic  argument 
given in See. 111, proportional t o  T8; it is a l so  proportional t o  the 
product of the effective masses of t h e  four nucleons involved, because t h e  
number of single-nucleon s t a t e s  per unit energy ie proportional t o  the  
nucleon effect ive mass. 
Although the integrations involved in P are accurate t o  within a 
f e w  per cent, the numerical value of P I s  d l f f l c u l t  t o  estimnte t o  much 
bet te r  than a factor  of two because of the uncertainties in the  effect ive 
v masses and the electron Fermi energy. Using Eqs .  (29) - (33) of pper I, 
we eetimate tha t  the product (mn*/mn)3 (a */mp) I s  equal t o  0.6 +, 0.3. 
Tne electron Fexmi energy depends on B(n) - B(p) , the difference between 
the binding energies of the neutron and proton. 
eas i ly  be a6 large 8s 20 MeV at nuclear density, but unfortunately no 
reliable theoret ical  estimstee of B(n) - B(p) sre y e t  avaiLable. We 
6 h d  aesume tha t  B(n) - B(p) is much smaller t haa  70 MeV and use the 
f ree-par t ic le  relation, Eq. (5c) af piper I, for the electrun Fermi energy. 
We then obtain a simple but appraxhtc expression far P, 
P 
This difference might 
P - 1.9 X loo-% ( P / P , , ~ ) ~  T9 8 
C. E a t h t e s  of the Patr lx  Element8 
1. Definitions 
The dimensionless m a t r i x  elements of Eq. (24) can be written 8 8  
f O u o W 8  : 
* 
MA = X r( -3 d3; [cos 2' - r + A'np (r)] - [cos C I -  k r + A' M -  (r)] (40) 
0 Toe in i t i a l - s t a t e  wave function [COB N e  k r + Am(;)] describe8 the rela- 
tive motion of two neutron8 with to t a l  spln zero. The f b c t l o n s  
[COG k' r + b & ( ~ ) ] '  and [cos k' - r + A' ( I-)] correspond t o  neutron- 
nP - - Y  - -  
proton pairs in s t a t e s  with spin zero and spin one, respectively. We 
consider only states that are even under exchange of the poeitione of the 
two nucleons because we have neglected nucleon-nucleon sca t te r ing  in 
odd-psrity states. 
Our lack of detailed kncmledge of t h e  e f fec ts  of strong interactions 
nebes accurate calculation of MA and FV d i f f i cu l t .  In the  following sub- 
section we use 6 dimensional argument t o  guess t h e  order of magnitude and 
density dependence of the matrix elements. We then we two specif ic  
mcdele for the nucleon-nucleon coll isions t o  obtain m o r e  detai led e s t b a t e s  
2. Dimenoiondl Estimate 
The Integrals Over r Fn Eq6.  (39) and (40) muat yield a quantity 
.v 
proportiorial t o  the cube af a length. 
considering the phyeicd lengths tha t  a re  involved. 
msociated with the nucleon-nucleon potential:  
Thus we can estimate $ and MA by 
There are two length6 
t he  a t t r ac t ive  poten t ia l  
-22- 
has a range of about % and the core radius i e  about 0.4 Xf le  The 
relevant wave numbers K, k, and k '  are all Large fraction6 of 
I7 
-1 
PF(n) ii , 
Since all t h e  lengths involved a re  nearly equal a t  nuclear denolty, 
we expect 1MAI2 and 
s i t y .  Furthermore, the effective range of' A is probably determined 
primarily by k, k' , or PF(n) B-'. T h u  we might expect MA and % to be 
prgort iond t o  PF(n)-3, i*e., to decrease a8 p . I n  any event, we 
expect MA and % t o  decrease slowly with increasing denelty, for moderate 
dens it i e s  . 
t o  be of the order of unity at.nuc1ea.r den- 
-1 ' 
3, Scattering Mdel 
In t h i s  model, we assume that t h e  function A i n  Eqs.  (39) and (40) 
is an outgoing scattered wave; that i s ,  we a86ume that 
for kr >> 1. 
region 
the integrals % and MA. 
mall radii, we must assume a specific form f o r  the interaction poten- 
tial.. We adopt t he  separable potential suggested by Yamag~chi.*~ The 
cOrresp2ndhg s-wave scattering wave function iS given by 
Equation (41) does not describe the wave function for the 
kr < 1, a region which contributes a large part ( 2  one-half) of 
In order t o  estimate the wave function for 
el8 sin B = {-i + [- 5 1 + 5 1 (F) k 2  + (2x2ha)-l (a2 + k2)*] >-I (43) 
-23- I 
The prarrcters A and €3, which represent, respectively, t h e  coupling 
strength and range of t h e  separable potential ,  can be determInelj .'i-a 
the singlet  and t r i p l e t  scattering data. The effect ive Hamiltonians 
acting on the space parts of t h e  sb$let and t r i p l e t  wave functions are 
different. 
functions of the same Hamiltonian; since the two eigenfunctions corres- 
B u t  the  two singlet  wave functions contained in I$, are eigen- 
pond t o  different  nucleon energies, they are orthogonal. 
free-scattering model -lies t h a t  % equals zero. 
'l$ua the 
We have cmputed MA using values af €3 and h t h a t  reproduce the 
experhental  phase s h i f t s  between 25 and 100 MeV. 
sion for M i s  canplicated, but, for p < p it can be accurately 
appraximted as follows: 
!Fne resul t ing expres- 
A - nucl 
N o t e  that the m o d e l  described above neglects all correlations 
between '&e coll iding nucleons and the other nucleons tha t  are present. 
4. k c l e a r  Patter C d c u l a t i o n  
In using the scat ter ing m o d e l  discussed above, w e  have neglected 
the f a c t  that the exclusion principle prohibits scat ter ing in to  occupied 
s ta tes .  
colliding nucleons are, in f ac t ,  occupied i n  a neutron s t a r ;  hence there  
is almost no free scattering. The wave f'unction describing the  r e l a t ive  
motion of two nucleons in a neutron star or in nuclear matter i s  a 
symnetrized plane wave, except for sane d is tor t ion  f o r  small. internucleon 
separatlane. 
acd (40). 
Nearly all the  states that are energetically accessible t o  two 
This distor t ion is described by the functions A in Eqs. (39) 
One c8n describe t h e  collision between t w o  particles most 
-24 - 
simply by uslng a two-particle Schrhinger equation. The ef fec t  of t he  
h tc rac t lone  between the two colliding par t ic les  and the  other nucleons 
can be reprenented appraxlmately by replnchg the free-par t ic le  msses by 
the effective masfles. 
m o d i f i e d  t o  take account of the f a c t  t h a t  the s ta tes  below the relevant 
Fermi levels are  largely occupied; the appropriate modified form OP the 
Schrtidinger equation is  the &?the-&ld.stOne equation, which ' I s  often used 
Fn nuclear-matter calculations .= 
usual potentlal-energy term V(_r) +(:) I s  replaced by qV(r) - $($, where 
q i s  a proJection operator t h a t  eliminates those Fourier canponents of 
V(r) 3(r) tha t  correspond t o  occupied stotee'. Since the operator qV(r) CL 
Is no t  hermitian, the eolutlons to the Bethe-Goldstone equation f o r  
dlffercnt  energies a r e  not necessarily orthogonal. 
zero a8 it was in the scattering model of subsection 3. 
Hovcver, the Schrijdhger equation must a le0  be 
3h the  Bethe-Goldstone equation, t he  
N u 
Thus h$ need not be 
We follow Gams et Go2' In assuming spin-independent force8, which 
-lies that MA and b$ are equal. However, A and A a r e  not  equal, 
since the exclusion principle dlfYerent1ate.s between neutrons and  proton^. 
using the f s c t  t h a t  lkl Is different from lk'l u t o  &Ox t h a t  
M nP 
Y 
I d3r cos - -  k' r cos - -  k r = 0 ? 
we am revr i te  Eqs, (39) ad. (40) in the form 
( 4 5 4  
The function Am(:) has no Fourier canponents correspondlng t o  the 
scattering of e i ther  neutron I n t o  an occupied state, l e e . ,  L ( 2 )  has 
-25 - 
-1 
no ccxrpxents  wi th  bave ra5er p f a  uii ia  < P,(D) 3 . Since - 
k' is approximately one-half K, 
wave nmber 5 E ' ,  and 
%(E)  ha8 no Fourier component with c.l N 
We follow Gomes e t  al. i n  assuming that the  nucleon-nucleon 
potential  consists of an a t t rac t ive  square w e l l  and a hard core. The 
1%-range a t t r ac t ive  w e l l  has l i t t l e  e f f ec t  on the wave function f o r  
the dis tor t ion  functions Aare due almost nucl' 
ent i re ly  t o  t h e  ha rd  core. We consider the  w e e  where the  core radius, a, 
is much less than fi[PF(n)]-l. The resul t ing lw-dens i ty  approximation 
6 h d d  be reasonably accurate up t o  densit ies  about equal t o  nuclear 
density, In the lowdensity limit, one c m  &e the following simpllf'i- 
cations: f i r s t ,  we need only cansider s r a v e s ;  Eecond, we can neglect the 
l a s t  term i n  Eq. (4%) because the product A (r) Am(:) 
order in Pp(n) a; th ird ,  in computing A ( r )  we can neglect the 
1e-e at' t h e  wave function inside t h e  core as w e n  86 the changes in 
t h e  wave function's n d l z a t i o n  caused by the dis tor t ion terne A. 
can then use the Bethe-Gold6tme equation t o  finh the Fourier canponent 
of A (r)  that coneeponds t o  t h e  momentum b. In this way, m e  f inds  
that 
dellsitit28 canparable t o  (3 
ie of second 
nP - 
np - 
One 
nP "d U 
-1 -312 
x 
I [(ha) (k'* - k2) X . 
The values of k and k' are determined by kinematice and the exclu- 
sim principle. We found in Sec. V-B t h a t  the  particle8 involved in 
reactions (1) and (5) must be in a narrow band of states st the top 
the i r  respective Fermi 6eas. 
in a reaction nust be nearly equal t o  t h e  Fermi manentum f o r  t ha t  particle. 
"he neutron Fermlmomentum I s  large coinpared t o  the proton and electron 
Fermi momenta; the  neutrino momentum, which is of the  order of 
canpletely negligible. 
Thus the mmentum of each par t ic le  involved 
I 
I 
kT/c, l e  
Hence the momentum 2; of the  final neutron must 
If 
we neglect the momenta of a l l  part ic les  except the  neutrons, w e  find t h a t  
the three neutrm m o m e n t a  f o r m  an equihterel triangle w i t h  sides of 
length PF( n) . 
is equal t o  (a)-' Pp(n). Substituting these values of k and k' in 
Eq. (u), using Eq. (5e) of pper I, and choosing the core radius a to be 
4 X l0-l4 a, we find t ha t  
be approximately equdl t o  the momentum in the i n i t i a l  state,. p1 + ,p2. 
..# 
It fol lovs that k I s  equal t o  3l'* (a)'' Pp(n) and k' 
. (47) 
5. surmnnry 
The scattering m o d e l  and the model based Cm t h e  usual picture of 
nuclear matter both predict tha t  /MA12 is aP the order of unity near 
nuclear density and t h a t  IMAl decreaoes with increasing density. The 
re la t ive ly  nmnll difference between Eqs. (44) am3 (h7), and the agreement 
of both equations w i t h  a dhenelond wdyeis, indicates that the value of 
the total matrix element is  nOt critic- sensit ive t o  the uncertainty in 
our frnwiedge oi t h e  6 t r O E g  h*ernuc&rn force ,  
2 
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D, Related Reactions 
1. The Inverse Reaction 
We have calculated so far only the  rate of neutrino energy loss vla 
reaction (1) . 
and (5) are the daninant m e a n s  of eneuring chemical equilibrium fn t h e  
s-e-p 
A t  the temperature8 and densities for which reactions (1) 
systerc, the rates of reactions (1) and (5) mst be e q U d  in order 
t o  preserve the equilibrium, W e  sha l l  now show tha t  the rates of neutrino 
energy 1 0 ~ s  by the two reactions are i n  f a c t  equal within the approximatione 
we have used in calculating the ra te  of reaction (1). 
For reaction ( l ) ,  Eq. (21) provides an evaluation of' 
l(f 1HI I) 12; t h i s  equation 10 accurate If the  lepton momenta are zspins 
=GpinS 
sn;all c a n w e d  t o  the neutron mornenta. The expression for  
i(f [HI i)I2 f o r  reaction (5) I s  Identical  t o  Eq. (21) if t he  
lepton momenta are  again neglected. 
b+ for reaction (5) are the coq lex  conjugates of MA and $ f o r  reaction (1) . 
h r t h e m o r e  one can eas i ly  show tha t  Eq. (35) for the phase-space fac tor  P 
holds equally w e l l  for reactlons (1) and (5) . Thus, Eq. (22), which gives 
Tne nucleon matrix elements M and A 
the neu+aino Pminosity in terms of %, MA, and P, predicts the same r a t e s  
of energy loss  fo r  t h e  di rec t  and inverse reactions. 
2. Muon Product la  
hons are present in a neutron star if the  electron Fermi energy is  
18 
peater than the muon rest energy m c2; 
duced by r eac t ims  (2)  and (6). 
muon neutrinos are then pro- 
CI 
%e rate of reactions (2) and ( 6 )  can be 
cmputed by the mthod u8ed f o r  reactions (1) and (5) . 
in  the rates of production of muon and electron neutrinos resu l t s  from t h e  
The only difference - 
fact t h a t  the  density of mon states at the  top  of the  mcm Fermi sea 
dif fers  frcm the dcnsity af electron s t a t e s  at the top of the  electron 
-20 - 
2 
?eA=: sea bg’ a f ac to r  F, &ere , for  k’?( e) greeter than mGc , 
* 
2 
The rat10 F 1s af‘ course zero when %(e) Is less than rn c . 
c1 
US- Eq. ( S C )  at paper r t o  estimate W,(e), we find that 
and 
E .  Mrmerlcal Expresslons 
We now combine the results of the last four subsectlone t o  obtaln 
convenient numerical emessions for the rate of energy loss by neutrino 
emi8sim. 
by 2(1 3 P) 
the rate af neutrino energy loss by the two-nucleon reactions I s  given by 
Subotltuthg Eqs. (38) end (67) ht0 Eq. (24), arad multiplyhg 
t o  take account of reactions (2) , (5)8 end (6), we f ind that 
where F i s  glven In  Eq. (50). 
The lminoelty af a mass Ms of neutron-star matter with a unifonn 
density p €a given by the expression - 
-29- 
22 w f i e z e  % is t h e  mss af the sun. 
Ecpationa (51) and (52) give eotinates of the neutrino luminosity 
fro= reac t ims  ,volving two nucleons. 
t o  d a n h t e  the neutrino production as lcmg a8 there are no quasl-frea 
p i a s  present. 
Tuo-nucleon reactions are e>.+ -cted 
F. C c m p , r i s o n  w i t h  Previous Work 
7 ~ h i u  and Salpeter f i r a t  suggested that reactiano (1)' and (5) m i g h t  
contribute importantly t o  the  cooling of neutrm Star60 
dinenslonsl analysis t o  obtain the expression 
They used a 
for the rate of eaerw loss by neutrinos produced & reactions (2) and (5). 
The result g l v a  by Chiu and Salpeter has the correct temperature depen- 
dence, but it is typicsl ly  two or three arders of magnitude smaller than 
our best es t inate  (as given In Eq. (52)). 
Finz? has performed a detailed calculation of the  rate of reaction 
(2)  at  a density of 
t he  rate of aergy ~ O S E  by reaction (51, he correctly assumed It t o  be 
equal t o  the neutrino luminosity arising frm reaction (1). 
1.6 pnucl. Although he did not expl ic i t ly  calculate 
H i s  treatment 
of the matrix element d i f f e r s  from ours In several ways. 
neglected t h e  e f fec ts  of the exclusion principle on the r e l a t ive  m o t i o n  of 
two colliding nucleme. 
interaction a6 a first-order perturbation; the nucleon scat ter ing matrix 
element voa asomed t o  be e@ to a constant, which vas detershed by 
the reprlirenent that the HIRE first-order perturbation treatment yield a 
value ~f 
F i r s t ,  he 
Second, he treated the  strong nucleon-nucleon 
- 
3 x 10'~ an2 far the scat ter ing cross section f a  f r e e  nucleons. 
-30- 
Third,  he treated the nucleons and leptons 8 8  s d a r  partides (iostead of 
Fermions) h calcuLatin& the amplitude associated Kith the weak vertex. 
Finzi's treatment af the phase-apace factor P d i f f e r s  from OUT6 in tw0 
ways: first, a m i n o r  error  in h i 8  integrations results in an extra factor  
t h a t  IC npproximstely equal t o  2/3; second, he uses the free mcs6e6 mn and 
m inotead af effective 10866es mn and m t o  describe the density O f  
single-particle statee.  Flnzi  gnve the following axpreesion for the 
luminosity of 0.6 % uf neutron star mxtter at  
* * 
P P 
1.6 pnucl: 
This result, differs from the luminosity predicted by Eq. (52) for the  same 
E E I ~  a.~4 density by about a fac tor  of one-fifth (if we s e t  F equal t o  zero). 
2he disagreement betwe6 the two answers ia smal l  compared t o  the obvious 
uncertainties In e i ther  approach, The closeness of the two re su l t s  for t h e  
rate af energy loss arisee partly fron the f a c t  that the matrix element is, 
as we mentioned l n  Sec, V-C, reiatfveiy h s e n s i t i =  t o  the de t a i l s  Of the 
model used t o  calculate it. 
L 
E l l i s u  has recently reported ES siniZar c s l c u l a t i a  of the rate af 
energy loss by reactions (1) and ( 5 ) .  
secmd-order perturbation theory t o  estiraate the t rans i t ion  amplitude, 
using the known nucleon-nuclean scattering data to determine the coupling 
at the  strong vertex; he also neglected the e f fec ts  of the surrounding 
neutrons on the re la t ive  m o t i o n  of the colliding nucleons. 
Ellis treated the nucleons and leptons a8 fermions, and he performed the 
colculati-on f o r  a range OP densi t ies ,  
r e l a t iv i s t i ca l ly ,  he did not consider the protans t o  be degenerate, despite 
the f a c t  t h a t  I$(p)/isT is of t h e  urder af' 50 far most teqperaturee and 
FoUoving F b z i ,  he employed 
Unlike F i n z i ,  
Although he did t r e a t  the nucleons 
densit ies expected neutron o t a r s .  =Is performed part Of the inte- 
g a t i o n  Over phase space by 8 Konte Carlo technique; he gave the following 
formula, which accurately r epesen t s  h i o  numerical resu l t s :  
-1.9 
Lv E = ( 6  x 10% erg/sec) [%(n)/50 k V ]  (Ma/%) Tgeo7 . 
The peculiar temperature dependence I s  due primarily t o  the  f a c t  that he 
a c s u m i  t ha t  the protons were nm-degencrate. 
d i f f e r  f rm that  obtained by Finzi or by us by m o r e  than a factor  of t en  
"he above relat ion does not 
in t he  most interesting domina of temperature and density. 
We have extended and refined the  work of previous aUthW6 In several 
First, the ra te  of enere;y loss by mum neutrinos and the lunh0- respects. 
s i t y  due t o  the inverse processes (reactions i 5 )  and ( 6 ) )  have been 
expl ic i t ly  calculated In the preeent work. 
nodify the single-particle picture t o  take account of strong lnteractlans.  
Second, we have a t t ap ted  t o  
- In particular, we hsve used the m e t h o d 6  developed for nuclear-mstter calcu- 
lations to estimate the density of single-particle levels  (as expressed by 
the  effective msses)  and t o  t r e a t  the nuclecm-nucleon s c a t t e r h g  In  a 
miner consistent w i t h  the exclusion principle. 
d c u h t e  the phase-space factor more accurately by expressing it in a form 
that permits accurate analytic evaluation. 
We have also been able t o  
VI. ?IO3 COOLING 
A. General Discussion 
IZJ this section we calculate the ra tes  of several neutrino-producing 
reactions t ha t  w i l l  occur if W s i - f r e e  pions a re  present in neutron matter. 
We shovdl in Sec. V of -per I that  quasi-f'ree pions, if they are present 
-32 - 
at a l l  in a neutron star, 5uo t  be highly degenerate; t ha t  is, nearly r i l l  
the pions must be in the lowest-energy s ing le -pu t i c l e  s t a t e .  
tun 2% ami energy 0% of t h i s  lareet sing.le-p3rtlcle s t a t e  are not  
hewn. 
and ve can assume that - pfl 
e n e r a  as can be written 
The rn-n- 
=.e reaction rate fortunately does not depend sensit ively on 2,, 
is  zero without mEiking a seriaus error. !he 
, (53) 
&ere S ( g - ) ,  the  pion bindb;; energy, was defined 
Tic zost impartant neutrino-producing processes that involve pime 
Sec. III of paper I. 
are reactians ( 3 ) ,  (4), (7 ) ,  & (8). 
for the r a t e  of energy loss by reaction (3), and then nodipY the formda t o  
We shall f i rs t  derive an expression 
take accaunt of other reactlone. 
?"e r a t e  af energy loss per pion by reaction (3) Is given by 
%e natation used in Eq. (54) i s  aitnl lar  t o  that used in Eq. (18): 
differcatials 
the final neutron, the electron, and the  antineutrino, respectively. 
o t a t l s t l c a l  factor S is  identical  t o  t h a t  defined in Eq. (18c), except that 
it only includes factors  for the two neutrons and the electron (d pions ' 
a re  assmed t o  be fi the larest energy s t a t e ) .  
I(n,x-) +) 
af 
the 
3 3 3 3 
d 21, d zl', d ~n, and d ..d n- re fer  t o  the i n i t i s 1  neutron, 
v 
The 
Ihe initial state vector - 
is an eigenstate ~f the strong Hanfitonian; the incaning part 
careapondo t o  a neutron w i t h  rcomentum z1 and a pion Kith I(n,n-) +) 
-33- 
- -  
nmen tw p . m e  find state vector I(n,c ,v)) IS a product of nomen- 
--d 
~ 
t u n  cigmtitates representing a ceutrcin ( w i t h  namentwn yp,) an electron 
( w i t h  Ementurn p ) , and a neutrino ( w i t h  momentum p,) . 
-V -e , 
We again fkid It convenient t o  separate the  neutrino luminosity 
into a dinensionless phase-space factor, a d~en8iOdt2SE matrix element, 
m.d a constant factor ,  The metrbc elemnt is nearly canstant Over those 
regions of phase space where the  statist id.  fac tor  8 is non-negligible. 
Thue we can remove the  matrix element from the  Integral  and write the 
neutrino lminos i ty  in the form 
(554 
2 83(5 - -1 P ) - f2 ir4 x x -3 (2% a)-3 
aod El and f3f are the initial and lhal momenta, respectively. 
In the following sections, we estimate the values of P and 2, 
employing arguments that &re analogous t o  those we have previously used 
to d c u l a t e  the nucleanflucleon cooling rate. 
Lhat OUT howldge  of t he  relevant matrix elments l a  much lese accurate 
for pionic cooling than It l a  for nucleon-nuclem cooling. 
We shall eee, however, 
-34- 
' .  
3. The Phsse-Spce Factor 
As in the case of nucleon-nucleon cooling, we describe t h e  denoity 
of 8Mihble  I n i t i a l  and final states by the  phase-space fac tor  P, which, 
f o r  reaction ( 3 ) ,  if; defined in Eq. (55b) . Ihe integrand l n  Eq. (5%)  is 
concentrated in the 6- "important region" of phaee space where the 
energy of' each mrticle is Xithin a few kT of i ts  Fermi energy. 
In Scc. V-E, we neglect the contr ibut im t o  the integral P frm certain 
regions fer fma the ''ixportmt region"; in particular, we consider only 
the parts af phase s p c e  satit3,fjing the following inequalities: 
Jut a8 
P1+ P,+ Px - Po <PIS < Pl - P, - PR + Pe i 
V V 
P I  ' P, + Pfl . 
V 
The phase-space factor for reaction (3)  can be evaluated by the 
a 
rcethas used to CalcuLste P for reaction (1). ~e Use inequalit ies ( ~ 6 )  
t o  evxduate the engular integral  A, where 
Tne result is 
. 
Substituting Eq. (58) into Eq. (5%) and ulng the energy delta 
i%nction to integrate aver the neutrino mowntum yields 
where -7 x-9 -9 c-12 
f l  
c = 2  
-35- 
(57) 
and p, is Gefined such that E, is equal t o  zero when p, e* Pmo 
As in Sec. V-B, it is convenient t o  change variables: we define 
(E3) ,  xl, x2 ,  and x3 by Eqs. (33b), (&a), (Sb), and ( S c )  respec- 
* 
D 
tively. 
(l5) of paper I) t o  obtain 
11 
We then use the cmditicma of cheaical equilibrium (Eqs. (Ub) and 
X [afl - kT x3] (xl + x2 + x3)3 S 
where yn and ye were defined in E q s .  (3%) and ( S c )  . To lovest  order 
k / i $ ( n ) ]  we can s e t  the effective mas6es equal to t h e i r  value a t  the 
neutron Fermi energy and neglect x3 kT re la t ive  t o  us. Replacing the 
l M t s  yn and ye by infinity cause8 errors of t h e  order of e 
e , respectively; these errors can be neglected since @%(n) and 
% ( e )  
e x p e s o i o n  for t h e  phase-apace factor: 
-mJn> 
and 
'BEpb) 
are  bath much greater than 100, We then obtain the  following 
where 
= (457/5040) R 6 
0 
-36- 
The phase-spce factor  is proportiond. M 8,  8 6  expected f rom the 
heuristic a r p n t  in Sec. 11. 
the density only through the efr'ective m868 
ae rgy  ax. Referring t o  the  results of Sec. N - B  of paper 1, we at38ume 
that  the neutrm effective mass i s  1.0 mn. We also assume that t h e  pion 
binding e n e r a  B(n-) is smnU c o q m e d  t o  mfic . Then the pion phase- 
apace factor CM be conveniently expressed in the f o r m  
The factor P for reaction (3) depend8 on 
4I. 
mn and t h e  pion s d - s t a t e  
2 
6 
T9 P = 5.6 x . 
C. Y'trix Elanent  
We present  several argument8 t h a t  CBG, t h e  absence of a detailed 
theory of stmng Fnterac t ions ,  be used t o  obtain crude e e t b a t e e  of the 
mtrix elements for reaction ( 3 ) .  
1. Din?ensional A r p e n t  
"ne p'hysical len,-tk,s involved in the matrix element - M are the  
the pim-nucleon potent ia l  is of the  order of t he  scale length 
a s s w e  tihat t h e  pion binding energy B ( x - )  is not Large ccmpared t o  rn c . 
We 
2 .  
. n 
The= remain four relevant lengths that a re  not approximately equal 
energy E, enters t h e  natrix elanent only through the combination6 
Ee 2 E--; E, i5 much s d e r  than Ee, it follows that Pi is 
e s s e n t w  indesniiczlt of a c  p;] . me mmentun and energy transferred 
to the lcptona 00 not depend strongly on ne, an, or P,(n), became of t he  
V 
eince 
V V -1 
-37 - 
equ i l ib r im relat ions t h a t  03tain (cf. piper I, Eq. (U)). Hence theoe 
I t h ree  q m t i t f e s  do not contribute 8trmgl.y to the energy denaclinatore 
I 
ccrrespcading t o  the  inportent virtunl states ( the  v i r tua l  states involved 
in Fig. 1 f o r  example). The amplitudes at t h e  verticeti are not strongly 
depeuient m P,(n); consequcatly, the entire matrix element M is approxi- 
r ,-1 
m t e l y  independent of 3 iPF(n)]  . We s h a l l  8ee Later t h a t  the mpl i tude  
a t  the w e a k  vertex can, f o r  6- diagrams, be proprtional t o  the electran 
a s s ,  and the contributions f rm these diagrams are consequently inhibited 
by e fac tor  of' 
hcwever, are essent ia l ly  independent of' %(m,c)-l. The e f fec t  of t he  
nucleon ~ B S  on tkie mtrix e l w e n t  I 8  5me subtle; the m ~ o e ~  of t h e  
(me/mx). ?"ne contributions from t h e  dominant diagrams, 
hadrons md the  cmpllng constants chfxacterizhg their i n t e r a c t l m s  are 
c m e c t e d  in a cmplicate6 m y .  !Et? r e t i o  (%Jsn) or m,/mx, l a  typicEd 
O f  t h e  dinensionless qumt l t i e s  &rir;ing in strong interact ion calculations.  
Our dimensional reasoning can only suggest t h a t  M 8houZd be of the order Or 
unity, within perhiips a cctlple 02' f a C t ~ ~ 8  of m /a . n s  
2. Pion Decay 
We first e s t b t e  t h e  rate of reaction (3) by considering the dia- 
grac: shorn h Fig .  La; the  pion i s  assured t o  be ta  decay during a co l l i s ion  
with a neutron. 
as follows : 
Tnne diagrrn suggests factoring the matrix dement of 
-38 - 
where 
pee 
expression for 
the neutron and pim coordinates. 
e(p ), f o r  exmple, represents an eiectrm state with four-momcntum e 
Tnis factorization can be j u s t 3 i e d  f o m l l y  by writing an exp l i c i t  
(e,n,G iHwJ (n,x-) +) in t e r n  of a double integral over 
Tine weak %iltonian I s  the product Or a leptonic weak current 
%it 
$e ya (l+y5) qv anii a pioaic weak current ?he current % 1/2 2-1/4 - G 
I s  proportional to the four ma=lcntu;n of the deckying pion, 
since "&e facr-mcsnentum I s  the  only vector associated with t he  spinlese 
particle. 
the  required m t r i x  e l a e n t  as follows: 
(pe + pJ a V 
Including all t h e  necessary norml iza t ion  factors ,  we can write 
x r Lae (3- (we + a .  n j1'2 + pJa 7, (l+y5) v-(-pJ , 
V V v v  V 
(64) 
where aec and w-c are the moa and neutrino energies and d ( p  + pJ2] 
i o  a d h n c i o n l e s s  s c a l a r  t h a t  indicate8 the relative strength of the 
pionic p a t  c 8  the  weak current. 
V i e  V 
The value of K fo r  a pion on the  m&88 
of shell can be deterrained m p l r i c a l l y  frm the knoM half life T f l ( s )  1 
the  pion at rest: 
-39 - 
2 
a IK i  . (674 
It is easy t o  establ ish tihe dimnsimal. forme of the werlap matrix 
%le mtrix element involves two integrals, one Over the center-of-rnass 
coorCinates and one mer t h e  re la t ive  poai t lan aP t he  nucleon and pion. 
Tiie integat im over the  center-@-miss coordinate yields a rnowntun delta 
flnc-tion; t h e  intee;rnt ion over the relative posi t ion yields an effective 
werlap voluzie, which must be 0;" the  order of X . Since the wave func- 
tims bz-a n m d i z e d  in a W ~ ~ C  il, we f ind that 
3 
A 
I 
. 
'ihe integrnnd of the phase space f a c t o r  i s  icdependent of 
order in kT; hence we can average Over t h e  direction of 
Substituting the value af X frcm Eq. (66 )  in Ep. (69), we then find that 
p- to first 
-V 
p, in Eq. (66 )  . 
-V 
. 
The factor  B is a dinensionless nmber characterizirq the strong pion- 
xiuclem interaction. It Ghoulci be equal to mI%y with'a perhaps a couple 
, 
where g CJ 14 ( 7 W  
and T and 6 are vectors In the Isotopic spin spaces of the nucleon and pion, 
reopxt ively.  We treat the strmg interaction as if It were a small per- 
turbation and cmsider  just t he  diagram shmn in Fig. lb. 'ihc assumption 
t h a t  tlae str- Interaction is o. s d  perturbation is  of course n d  valid 
d cu 
becaue  of t h e  Lu-ge d u e  ai' g, but we u e  the  first-order treatment in 
the  hope that it w i l l  provide sme i n o l g h t  h t o  the  relevant P h y S i d  qUan- 
t i t l e s  that enter t h e  p o b h  and perhaps Beme as b guide fn the eetlmntion 
of t h e  factor  3 in Eq. (70). 
The 3"eynm.n r u l e s  perclft m e  to calculate eas i ly  the amplitude corre8- 
pmdlrig t c j  t he  dinSara of Fig. lb. 
for the pica and mxlecm, -e the nm-re la t iv i s t ic  appraximatlon for the 
nuclems, neglect m c m p r e d  to m x nD 
neutrino ~l;mentu.~~ The result is 
We use the f r e e - w l c l e  propagators 
md average over the  direct ions of the 
OT 
-2 
&? ss ' 2 g4 t K l 2  ( ~ , / n , ) ~  (I - m,'/n,") D 
which correspoEds to - 
-41 - 

r , 
t (77 )  
Y (79) 

. 
(52) 
. 
, 
I 
(82e )  ~ 

a- A;Ae ~ t r ~ r . g e ~ " i  x-rzy Go-wce ti~jpe=ii'ij to bc in the d i rec t ion  of Scorpius. 
Y? iiavc coeZ Zq. (&) 'tc c a i c u k t e  'ci:e cilstmce at which G neutron s t a r  w i t h  

- -  n -Y ; + e  + - y  
. 
I 
( A 4  j 
to reaction 
J 

b 
I 
n a 
1 2 7  - 
2 .o 1.92 
1 .0 1.65 
0 .G 1.61 
0 .G 1.59 
0.4 1.53 
0.3 1.48 
0.2 1.39 
0.2 1. 
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